We present a characterization for the continuous, isotropic and positive definite kernels on a product of spheres along the lines of a classical result of I. J. Schoenberg on positive definiteness on a single sphere. We also discuss a few issues regarding the characterization, including topics for future investigation.
Introduction
We consider the problem of characterizing positive definite kernels on a product of spheres. The focus will be on continuous and isotropic kernels, keeping the setting originally adopted by I. J. Schoenberg in his influential paper published in 1942 ( [18] ).
As usual, let S m denote the unit sphere in the (m+1)-dimensional space R m+1 and S ∞ the unit sphere in R ∞ , the usual real ℓ 2 space. Throughout the paper, we will be dealing with real, continuous and isotropic kernels on the product S m × S M , m, M = 1, 2, . . . , ∞. When speaking of continuity, we will assume each sphere is endowed with its usual geodesic distance. The isotropy (zonality) of a kernel K on S m × S M refers to the fact that K((x, z), (y, w)) = f (x · y, z · w), x, y ∈ S m , z, w ∈ S M , for some real function f on [−1, 1] 2 , where · stands for the inner product of both R m+1 and R M +1 . In particular, the concept introduced above demands the usual notion of isotropy on each sphere involved. In many places in the paper, we will refer to f as the isotropic part of K.
Recall that if X is a nonempty set, a kernel K is positive definite on X if n µ,ν=1 c µ c ν K(x µ , x ν ) ≥ 0, for n ≥ 1, distinct points on X, and reals scalars c 1 , c 2 , . . . , c n . In other words, for any n ≥ 1 and any distinct points x 1 , x 2 , . . . , x n on X, the n × n matrix with entries K(x µ , x ν ) is nonnegative definite. In this paper, we will present a characterization for the positive definiteness of a continuous and isotropic kernel on X = S m × S M based upon Fourier expansions.
Isotropy and positive definiteness for kernels on a single sphere were first considered by I. J. Schoenberg in [18] . He showed that a continuous and isotropic kernel K on S m is positive definite if and only if K(x, y) = g(x · y), x, y ∈ S m , in which the isotropic part g of K has a series representation in the form
The symbol P m k stands for the usual Gegenbauer polynomial of degree k associated with the rational (m − 1)/2, as discussed in [20] . This Schoenberg's outstanding result is far-reaching and has ramifications in distance geometry, statistics, spherical designs, approximation theory, etc. In approximation theory, positive definite kernels are used in interpolation of scattered data over the sphere. The importance of this problem in many areas of science and engineering is reflected in the literature, where different methods to solve such problem have been proposed. Given n distinct data points x 1 , x 2 , . . . , x n on S m and a target function h : S m → R, the interpolation problem itself requires the finding of a continuous function s : S m → R of the form
If we choose the prescribed function g to be the isotropic part of a convenient positive definite kernel K, then the interpolation problem has a unique solution for any n and any n data points. An outline of the paper is as follows. In Section 2, we present several technical results that culminate with a characterization for the continuous, isotropic and positive definite kernels on S m ×S M , m, M < ∞. In Section 3, we complete this circle of ideas, by reaching a similar characterization in the cases in which at least one of the spheres involved is the real Hilbert sphere S ∞ . Finally, Section 4 contains a few relevant remarks along with the description of future lines of investigation on the subject.
Positive definiteness on
This section contains all the technical material needed in the proof of the extension of Schoenberg's theorem to a product of spheres S m × S M , in the case when both m and M are finite. The proof will require a series of well-known results involving Gegenbauer polynomials and also a few facts from the analysis on the sphere. We suggest the classical reference [20] for the first topic and [2, 7, 11, 16] for the other.
The orthogonality relation for Gegenbauer polynomials reads as follows ( [7, p.10] ):
in which τ m+1 is the surface area of S m , that is,
Since Schoenberg's characterization for positive definiteness on S m is based upon Fourier expansions with respect to the orthogonal family {P m n : n = 0, 1, . . .}, it is quite natural to expect that a similar characterization for positive definiteness on S m × S M will require expansions with respect to the tensor family
The first important fact to be noticed about the functions in the family above is this.
Proof. This follows from the definition of positive definiteness, Schoenberg's original characterization for positive definite kernels and the Schur product theorem ( [12, p.458] ). The later asserts that the entry-wise product of two nonnegative definite matrices of same order is a nonnegative definite matrix itself. The tensor family is orthogonal on [−1, 1] 2 with respect to the weight function
The next lemma describes an alternative way for computing these Fourier coefficients. The symbol σ m will denote the surface measure on S m .
Proof. If m, M ≥ 2, it suffices to employ the Funk-Hecke formula ( [7, p.11] ) in the expression defining the Fourier coefficient. The Funk-Hecke formula states that
Using the formula with
it is promptly seen thatf k,l is a positive multiple of
Applying a similar argument in the internal integral reveals thatf k,l is a positive multiple of
Integration with respect to the remaining variables concludes the proof. In the cases in which either m = 1 or M = 1, the arguments demand the replacement of the Funk-Hecke formula with direct computation.
Lemma 2.3. If f is the continuous and isotropic part of a positive definite kernel on
Proof. It suffices to write the double integral I in the statement of the theorem as a double limit of Riemann sums. Indeed, we can select a sequence {P n : 
Repeating the procedure with the resulting integral leads to
Since the double limit above exists, it follows that
If f is the isotropic part of a positive definite kernel on S m × S M , then each double sum in the last expression above is clearly nonnegative. In particular, the limit itself is nonnegative as well.
We now combine the three lemmas above in order to obtain the following result.
Lemma 2.4. If f is the continuous and isotropic part of a positive definite kernel on
Proof. Let us fix k and l. Lemma 2.1 and the Schur product theorem guarantees that the function
is the continuous and isotropic part of a positive definite kernel on S m × S M . Taking into account this information and that one provided by Lemma 2.2, an application of Lemma 2.3 leads to the inequality in the statement of the lemma.
Next, we recall one of the several generating formulas for the Gegenbauer polynomials, the Poisson identity ([7, p.419]).
If r 0 ∈ [0, 1) is fixed, then the convergence of the series is absolute and uniform for (r, t)
We are about ready to prove the following auxiliary result.
Lemma 2.6. Let f be the continuous and isotropic part of a kernel on
As a matter of fact, there exists a positive constant C, depending upon f only, so that
Proof. Let a r,ρ k,l denote the general term of the series in the statement of the lemma. It is promptly seen that
in which
.
On the other hand, Lemma 2.5 implies that
whenever r, ρ ∈ [0, 1). Thus, since f is continuous and the left hand side of the Poisson identity is positive, the proof of the first half of the lemma reduces itself to proving that the double integral
is finite. But, this follows from the well-known property of the Poisson kernels ([16, p.47])
In particular, C := max{|f (s, t)| : −1 ≤ t, s ≤ 1} fits into what is needed in the second statement of the lemma.
Lemma 2.7. If f is the continuous and isotropic part of a positive definite kernel on
converges.
Proof. Let f be the continuous and isotropic part of a positive definite kernel on S m ×S M . Due to Lemma 2.4, we know already that all the Fourier coefficientsf k,l are nonnegative. In particular, the double sequence {s p,q } of partial sums of the double series in the statement of the current lemma is monotonically increasing, that is, s p,q ≤ s µ,ν when p ≤ µ and q ≤ ν. On the other, the previous lemma produces the inequality
for some C > 0. By taking a double limit when r, ρ → 1 + , we deduce that the double sequence of partial sums {s p,q } is bounded above. A classical result from the theory of double sequences ([9, p.373]) implies that {s p,q } converges, that is, the series in the statement of the lemma converges.
The Weierstrass M-test can be adapted to hold for double series of functions. Combining it with Lemma 2.7 leads to the proposition below. 
converges absolutely and uniformly for (t, s)
The main result in this section is as follows.
Theorem 2.9. Let K be a continuous and isotropic kernel on S m × S M . It is positive definite on S m × S M if and only if its isotropic part f has a representation in the form
Proof. If the isotropic part f of K has the representation announced in the theorem, the series appearing there is uniformly and absolutely convergent. In particular, Lemma 2.1 implies that f is a pointwise double limit of functions which are isotropic parts of positive definite kernels on S m × S M . Consequently, K itself is positive definite on S m × S M . Conversely, assume K is positive definite on S m × S M and write f to denote its isotropic part. Lemma 2.7 and Proposition 2.8 supply a function g so that
On the other hand, the same uniform convergence and the orthogonality relation mentioned at the beginning of the section imply that
Consequently, f = g. 
Below, we will prefer to normalized the above expressions by writing
where nowf
Before we proceed, it is convenient to mention that the Fourier coefficients introduced above are well-defined as long as f belongs to 
it is easy to deduce thať
Consequently,
As an obvious consequence, {f
} is a Cauchy sequence of real numbers, therefore, convergent. 
As for the uniform convergence in m, it suffices to observe that
The proof is complete. The next lemma is a technical result that can be found proved in [18] .
Thus, with the help of an arbitrarily large m, we can use both implications above to deduce that
Hence,
The coefficients in the representation above are obviously nonnegative. If
k,l were not convergent, we could select a positive integer N so that
Picking a τ ∈ (0, 1) so that τ N > 1/2, we would reach
a contradiction with the positive definiteness of f . Having guaranteed the uniform convergence of the series in the representation for f above and invoking the continuity of f in [−1, 1] 2 , we now can let t, s → 1 − and t, s → −1 + in the representation formula in order to conclude that it also holds in [−1, 1] 2 . A standard adaptation of the arguments used in the proof of the previous theorem is all that is needed in order to deduce the following complement. Theorem 3.5. Let K be a continuous and isotropic kernel on S ∞ × S ∞ . It is positive definite on S ∞ × S ∞ if and only if its isotropic part f has a representation in the form
Final remarks
In view of the characterization for the continuous, isotropic and positive definite kernels on a product of the form S m × S M obtained in the previous section, one may ask what are the other relevant questions regarding that class of kernels. We will mention a few of them in this final section of the paper along with some additional elementary results. Thus, the initial quadratic form is nonnegative and the first assertion of the proposition is proved. As for the second one, it suffices to observe that if the points (x µ , w µ ) are distinct then the matrix with entries −td m (x µ , x ν ) − sd M (w µ , w ν ) has no pair of identical rows when t, s > 0. In that case, the kernel (x, z, y, w) ∈ (S m × S M ) 2 → exp[−td m (x, y) − sd M (z, w)] is, in fact, strictly positive definite on S m × S M . If g is nonconstant, then the original quadratic form is always positive unless all the c µ are zero.
To close the paper, we go the other way around, seeking positive definiteness on a single sphere from positive definiteness on a product of spheres. Two results in that direction are as follows. We intend to provide solutions for some of the problems mentioned above in a subsequent paper. For now, we conclude this one mentioning a few relevant references that deals with similar questions on a single sphere: [5, 6, 10, 14, 17, 19] .
